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Adaptive Reproducing Kernel Particle Method for
Extraction of the Cortical Surface
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Abstract—We propose a novel adaptive approach based on the
Reproducing Kernel Particle Method (RKPM) to extract the cor-
tical surfaces of the brain from three–dimensional (3-D) magnetic
resonance images (MRIs). To formulate the discrete equations
of the deformable model, a flexible particle shape function is
employed in the Galerkin approximation of the weak form of the
equilibrium equations. The proposed support generation method
ensures that support of all particles cover the entire computational
domains. The deformable model is adaptively adjusted by dilating
the shape function and by inserting or merging particles in the
high curvature regions or regions stopped by the target boundary.
The shape function of the particle with a dilation parameter
is adaptively constructed in response to particle insertion or
merging. The proposed method offers flexibility in representing
highly convolved structures and in refining the deformable models.
Self-intersection of the surface, during evolution, is prevented by
tracing backward along gradient descent direction from the crest
interface of the distance field, which is computed by fast marching.
These operations involve a significant computational cost. The
initial model for the deformable surface is simple and requires no
prior knowledge of the segmented structure. No specific template
is required, e.g., an average cortical surface obtained from many
subjects. The extracted cortical surface efficiently localizes the
depths of the cerebral sulci, unlike some other active surface
approaches that penalize regions of high curvature. Compar-
isons with manually segmented landmark data are provided to
demonstrate the high accuracy of the proposed method. We also
compare the proposed method to the finite element method, and
to a commonly used cortical surface extraction approach, the
CRUISE method. We also show that the independence of the
shape functions of the RKPM from the underlying mesh enhances
the convergence speed of the deformable model.

Index Terms—Adaptive refinement, cortex extraction, MRI, re-
producing kernel particle.

I. INTRODUCTION

VARIOUS studies have been dedicated to extracting cor-
tical surfaces from magnetic resonance images (MRIs).

Typically, deformable models move under the influence of
internal forces, based on the model itself, and external forces
computed from the image data. Active deformable models are a
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robust method for segmenting imagery and for tracking regions
across sequences. The common approaches to cortex extraction
are a combination of intensity-based classification (or labeling)
and these deformable models. Active deformable models can
be categorized into two groups: parametric models (snakes)
[1]–[4] and level-set models (geometric contours) [5], [6]. The
former has generally explicit parameterized representation,
while the latter is represented implicitly as a zero level set
of higher-dimensional level set functions. To fit parametric
deformable surfaces more accurately to the boundary of ob-
jects, various approaches were used to preprocess the images,
segment the intensities and synthesize the external force terms,
such as morphological operators [7]–[9], expectation-maxi-
mization segmentation [10], fuzzy segmentation [11], local
parametric Bayesian segmentation [12], and gradient vector
flow method [13]. An initial template with elastic models
based on the intensity information was forced to conform to
the shape of cortex [14], [15]. A major advantage of geometric
deformable models over parametric models is their topological
flexibility. They can deal with problems of the topological
changes. However, when some extracted objects have known
topology or their topological relations during deformation
need to be preserved, the topological flexibility of level set
methods brings about numerous inconveniences. For example,
level set methods often yield an arbitrary topology surface
due to effects of artifacts, e.g., image inhomogeneities, noise
and partial volume. In the level set methods, imposing the
constraint conditions on the evolution equations cause a huge
increase in memory and computational burden since multiple
level sets are involved [6], [16]. In addition, the higher dimen-
sional embedding functions allow the level set methods to be
much more expensive computationally than explicit parametric
representations. This makes human interaction, incremental
updates and deformation difficult. Han et al. developed a
topological preserving level set method [17], [18]. The para-
metric deformable model may use regularity formulations or
explicit connection relationships to preserve and constrain the
topology of the surfaces. So, it has advantages over geometric
deformable models, when topology preservation is desired.
MacDonald et al. utilized two constraints in their deformable
model: intersurface proximity and self-intersection constraints.
It takes considerable computational effort to detect and pre-
vent self-intersection [15]. Shattuck et al. developed a partial
volume model for classification of key tissue types, and used a
graph-based method to correct topological inconsistencies in a
labeled volume [19].

Several numerical solutions for deformable models have
been reported in the literature. For example, the conjugate
gradient method [15], dynamic programming [20], the greedy
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algorithm [21], the finite difference method [1], [14], [22], and
finite element methods (FEM) were to implement deformable
models. The gradient method, dynamic programming and
greedy algorithm are computationally expensive. The finite
difference method requires only local operations and is ef-
ficient for computing displacements. But, it lacks flexibility
in representing irregularly shaped objects and in refining the
deformable models. The finite element method was developed
to deal with various engineering and medical imaging prob-
lems [23]–[26]. It has the advantage of being suitable for the
irregular mesh representation of complex deformable surfaces
and is capable of computing a global solution to the deforma-
tion instead of a set of local solutions. In the finite element
method the domain is subdivided into a large number of simple
subdomains separated by a set of vertices, in which the shape
function is independently defined. A finite element method for
large deformation analysis was applied to the registration of a
brain atlas with MRI images [27] and to predict interoperative
brain changes [28]. Nevertheless, two main drawbacks of
this approach are the limited continuity of the approximation
along element boundaries [29], and the difficult process of
generating the mesh from consistent subdomains. Undoubtedly,
meshing is often done manually, becoming one of the most
time consuming tasks in a FEM analysis. Furthermore, local
mesh refinement may not be reliable when the exact solution
is unknown [30]. These drawbacks become increasingly ap-
parent, as we attempt to extract a large and highly complicated
cortical surface. Moreover, changes in the domain geometry
and/or topology, e.g., object fragmentation, are difficult, if not
impossible, to accommodate with existing meshing techniques.
Finally, because of the highly convoluted nature of the cortex,
the extraction of the cortical surface with a deformable model
is often modeled as a complex physical process requiring a
large deformation. Mesh distortion usually occurs if the surface
undergoes a significant deformation. This distortion can either
terminate the calculation or result in dramatic deterioration in
accuracy, e.g., when the mesh is heavily regularized to prevent
self-intersection. To avoid this, some approaches have proposed
continuous remeshing during computation [31]. However, the
convective effect needs to be treated to avoid oscillation in the
numerical solution.

To address these difficulties, some groups have used mesh-
free methods [32]–[35]. This means that the discretization is
independent of the geometric subdivision of the computational
domain into “finite elements.” The reproducing kernel particle
method (RKPM) [30] is a popular mesh-free method in engi-
neering. It can be more conveniently employed than FEM in the
adaptive refinement process to obtain highly accurate solutions.

In this paper, we combine the RKPM with adaptive refine-
ment for extracting the cortical surface from MRI images. We
adaptively refine the deformable surface to extract the highly
convoluted cortical surface, circumventing several deficiencies
of FEM such as mesh distortion in large-deformation problems.
A remarkable feature of the RKPM is that the shape function is
independent of the spatial mesh that represents the deformable
surface, so there is no influence of the mesh distortion on the
computational deformation. Adaptive refinement in the RKPM
is accomplished by inserting new nodes in the high curvature re-

gions, and translating and dilating a single flexible shape func-
tion. This avoids the awkward implementation of the traditional
finite element method, in which there can be problems enforcing
or maintaining the compatibility (or continuity) along element
boundaries. To maintain a well-behaved surface during the de-
formation process, we use a fast marching method to generate a
local distance field. Self-intersection constraints are achieved by
tracing backward along the gradient direction from the crest in-
terface of the local distance field. The remaining sections of the
paper are organized as follows: Section II provides an overview
of the reproducing kernel particle method. Section III presents
the adaptive refinement technique and implementation issues.
Section IV reports the results of the method and Section V is
the conclusion of the paper.

II. REPRODUCING KERNEL PARTICLE METHOD

A. Shape Function

Let be a discrete, simply connect, orientable surface.
is represented by a finite particles set, or unstructured point

cloud

(1)

A point on is specified by a mapping from a subdomain of
to via three coordinate functions

(2)

where and are parameters in logical space . We consider
the approximation of a single displacement function in the
domain . The domain is assumed to be a region on a discrete
surface represented by a set of adjacent triangular patches. The
kernel approximation of any displacement function is de-
fined as

(3)

where is the approximation of . is a particle, also
called a node. is the geodesic distance on between

and . is a kernel, weight function, or
window function, which is defined on a region with compact
support, i.e., a subdomain of over which it is nonnega-
tive. Finally, is a measure of the size of the support which is
referred as the dilation parameter. Each support region is as-
sociated with a particle . The dilation parameters are different
for different particles. For a nonuniform particle distribution, the
choice of dilation parameter should correspond to some local in-
formation to match the spatial resolution of the given particles.

However, as there can be deterioration of the solution near
boundaries [30], (3) is modified by the following reproducing
equation:

(4)
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Fig. 1. Computational model for the kernel particle method showing the boundary B (doted curve), particles (solid dots) and supports (solid line). (a) Domain
(S � R ) is overlaid by a set of subdomains S (I = 1; 2; . . . ; N); (b) Support S of a particle p is defined its radius a (in geodesic distance on S).

where is called the reproduced function of , and
is a modified kernel function that is expressed

by

(5)

(6)

is called the correction function. It can be
obtained by imposing the reproducing condition which re-
quires that the reproducing (4) exactly reproduces polynomials
(see Appendix). It should be equal to 1 when the support of

is not close to the boundary, since this correction
function is only required when is close to the
boundary. is a kernel function, which is usually selected
to be a Gaussian or cubic spline function.

Suppose to be represented by a set of particles ,
. The discretized reproducing equation is obtained

by numerically integrating (4). An example of discretization is
to employ the trapezoidal rule to the reproducing equation to
yield

(7)
Here, is the total number of particles (or nodes), and the

’s can be interpreted as the shape functions of . To
provide computational efficiency, the dilation parameter is se-
lected to be a small area such that the shape function
associated with particle interacts with only a small group
of surrounding particles. Most commonly used subdomains are
discs or spheres [Fig. 1(a)]. The domain is here indicated by
atline and circles are used to show the supports of the weight
function. A typical particle and its support are also indi-
cated. There is considerable overlap of discs. The kernel func-
tions satisfy the following conditions.

• on a subdomain [as in Fig. 1(b)];
• outside the subdomain ;
• a normality property: .

The second condition is crucial to the method for it enables the
approximation to be generated from a local representation, i.e.,

depends only on the value of at particles which are
in the subdomain for which is nonzero. This
subdomain is also called the support of the weight function.

B. Geodesic Distance

In order to generate a support domain for each particle and to
refine the deformable model on the highly convoluted domain,
we first introduce a fast marching method [36]–[38] for approx-
imately computing the geodesic distance of two arbitrary parti-
cles on the surface . We consider the constant radius -offset

, i.e., the union of Euclidean spheres with radius centered
at particles [Fig. 2(a)]

(8)

Generally, to build the geodesic distance mapping, ,
we need to propagate a front on using the following equation,
originating from :

(9)

for and with boundary condition . How-
ever, the surface is represented by a set of particles. The above
propagation equations can be approximately substituted by

(10)

for and with boundary condition .
denotes the intrinsic gradient operator. The problem of com-

puting the geodesic distance map is therefore transformed into
the problem of computing an Euclidean distance map in the
offset band around the surface , i.e., in an Euclidean man-
ifold with a boundary. An important consideration is that parti-
cles from disjointed parts of surface are prevented from being
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Fig. 2. (a) Fast marching for particles performs in an offset band consisting of unions of spheres B(p ; r); (b) adding a particle to the support when there is a
central angle that is greater than 90 .

assigned to the same natural neighborhood. This is necessary
for determining the local sphere radius and preventing self-in-
tersection of surface . A self-intersection avoidance method is
introduced in Section III-D. For example, we assign (
is the band width of the surface propagation).

C. Support Generation

Various algorithms yield the support of a particle and ensure
correctly placed particles have been introduced [39], [40]. The
idea of “sufficient overlap” is not easily quantifiable. The sup-
port, as reflected by the value of should
provide a sufficient number of neighbors at every particle to en-
sure the regularity. The radius of support of the weight function
associated with node , , is selected to satisfy the following
conditions.

• The support must ensure that information is passed into
four quadrants at , so that a given interior domain of

includes neighbors on all sides. For particles along the
boundaries, the quadrants which lie outside the body are
not considered.

• The support should be small enough to provide adequate
local character to the least-squares approximation.

Suppose the surface is represented by a set of particles [Fig.
1(b)]. To meet these criteria, the following algorithm has been
employed to find the radius of support .

1) Set all to zero .
2) Loop over the particles , ,

a) In the neighboring domain of with a given radius
, all neighboring particles of can be found using

the above front propagation from by solving equa-
tion (10). The propagation stops when the distance
value of the particle at the front exceeds the given ra-
dius parameter . All neighboring particles are put
into list in order of their increasing geodesic dis-
tance to .

b) Designate the first four particles of into list .
c) i) Fit a tangent plane (through ) to these four par-

ticles; ii) project them onto ; iii) draw a ray from

to each projected point; iv) If there exists a central
angle (i.e., the radial angle between any two consec-
utive rays) is greater than 90 , project next particle
from and add it to and go to iii); otherwise, ter-
minate the iteration in .

d) Loop over each particle in , suppose the
geodesic distance between and is , if

, then .
e) Let . is a given scaling factor .

We know, the interpolation of the shape function and as-
sembly of global stiffness in the finite element method depend
closely on the mesh connectivity. The quality of the mesh
has significant influence on the accuracy and convergence of
the solutions. Maintaining high-quality mesh connectivity and
continuities of the approximation along element boundaries is
critically difficult in the finite element method [29]. The RKPM
works with the particle-sampled geometry directly and avoids
consideration of mesh connectivity graphs. This offers a flex-
ible way to refine a deformable model and fit it to boundaries
of objects. At a glance, meshing seems to be involved in the
RKPM for the sake of refinement and visualization. However,
when remeshing is carried out at each iteration, there is no
oscillation in the numerical solution.

D. Galerkin Method

We employ the generated mesh to set up Gaussian quadrature
points to integrate the weak form and to represent the extracted
surface. The virtual work discretization by the Galerkin method
requires a weak form of the equilibrium equations (i.e., virtual
work statement), which can be written as

(11)

where is a test function and is a displacement func-
tion. Here, is the derivative of with respect to the th com-
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ponent. The repeated indices imply summing over the range of
the index. We substitute (7) into (11)

(12)

where

(13)

where . The derivative of the shape function
is given in Appendix. Equation (12) can be written in matrix
form as

(14)

This is the system of linear equations. It is quite similar in
form to a set of finite element equations. The coefficient ma-
trix is sparse. To store and solve this linear system of equations
efficiently, it is essential to exploit the sparseness as much as
possible.

III. DEFORMABLE MODEL AND ADAPTIVE REFINEMENT

A. Deformable Model

After the brain tissue (e.g., scalp) in the image volume is re-
moved, the deformable surface model is initialized by gener-
ating an ellipsoidal mesh outside the segmented object. This
is then allowed to deform to the target surface by the RKPM
method. Particles can be uniformly distributed on the surface.
In each local region, the deformation is approximated by a thin-
plate model, which simplifies the problem to be in two dimen-
sions. Such an assumption asserts that there is a linear variation
of displacements and external forces on lines normal to the de-
formable surface. The deformation state of each node can be
described by one quantity, i.e., the lateral displacement of each
particle (along the normal to the surface). Lateral displacements
are added to the coordinates of nodes at each iteration. The ex-
ternal force can be replaced with a gradient vector flow field [41]

(15)

where , denotes the partial derivative of
with respect to , is the Laplacian operator, is a

regulation parameter (or weight) that should be set according to
the amount of noise in the image. Also, is a Gaussian potential
energy

(16)

where is a particle, is the intensity function of the image,
and is a Gaussian convolved with the image, and is its
standard deviation, also referred to as the convolution param-
eter. An inward pressure force [23] is used together with the

gradient vector flow. Since there is only one normal displace-
ment at each particle, the gradient vector flow is projected on
the normal vector at each node. The thresholds of the inter-
faces are involved in the inward pressure model to stop the par-
ticle movement as particles on the deformable surface contact
the target surface. That is, if the intensity of a particle exceeds a
given threshold, the boundary condition can be imposed at this
particle which is stopped to evolve. In the pressure model, the
intensity distribution of neighboring points along normal direc-
tion of the current particle can be synthesized to yield better
accuracy in extraction. For example, to extract the outer cortical
surface, we assign the inward pressure force to

(17)

where denotes the intensity average on
all image points along the surface normal pointing
inward from the current vertex at , and
denotes the average on all image points along the
surface normal pointing outward. is the threshold of the gray
matter which can be determined by the wavelet method [42].
Empirically, we set . To get the interface between the
gray and white matter, we can design a similar pressure model.
Thus, once the boundary has no distinct intensity characteristics,
we can separate the outer and inner cortical surfaces.

B. Adjustment of Particles

We use the kernel particle method to extract the cortical sur-
face. As the deformable surface shrink-wraps around gyri and
sulci, some regions stretch and others compress. This resembles
a large deformation physical process and leads to irregularly
spaced particles. Sparse particles usually violate the continuity
requirements while crowded particles lead to a heavy computa-
tional load. As indicated earlier, a proper approximation of the
solution requires that the support for each particle should cover
all the domains so that the solution at any point in the domain is
properly defined. Actually, the supports for each particle have to
overlap sufficiently [Fig. 1(a)]. Whenever there are not enough
particles in the overlap zone, the solution will not converge [43].
In extreme cases it may even result in a singularity in the global
system of linear equations [35]. The kernel particle method has
the characteristic of not needing explicit connectivity (e.g., in-
cidence and adjacency information among vertices, edges and
faces), which is built by the method in a process transparent to
the user. However, in order to refine the particle model of
and visualize the surface represented by scattered particles , it
is necessary to determine the intrinsic point proximity informa-
tion. For this purpose we need to to construct a geodesic Voronoi
diagram of on manifold . From each particle in , we
first carry out an interface propagation (see Section II-B) within
the scope of a given geodesic radius . Then we can obtain a
geodesic distance mapping [Fig. 7(b)] around the . We refer all
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Fig. 3. (a) Missing data (the bold dot denotes a stopped node and the circle dot
denotes a free node) and (b) adaptive refinement by inserting new nodes.

grids with local maximum distance values to be crest interfaces.
Thus, all crest interfaces of the distance field can be extracted
using a similar method (see Section III-D) and form a Voronoi
diagram. Due to duality between Delaunay triangulation and the
Voronoi diagram, we can transform the Voronoi diagram to a
triangular mesh of on manifold . So, we can obtain the in-
trinsic point proximity information of . We refer all edges in
the triangular mesh to be . According to the above external
force model, some particles contact the interface of interest as
the surface evolves [Fig. 3(a)]. We refer to these particles, which
are stopped by the interface of interest, as the stopped particle.
Those particles, which do not contact the interface, are referred
to as the free particle. We give a simple and effective local par-
ticle adjustment algorithm, which inserts and deletes particles,
distributing particles evenly within the subdomain of the current
particle along the surface.

• Loops over all edges ( in . If edge has at
least one free particle and , we bisect edge and
insert a new particle at the midpoint of .

• Loops over all edges in . If has at least
one free particle and , we merge two end-particles
of . That is, two end particles incident to edge are
shrunk to the midpoint of .

• Loops over all particles in . If
there exists a central angle of current particle that is
greater than 90 , a new particle is inserted. For example,

, are two adjacent particles of and ,

is inserted so that we have (where

and is the unit vector of the
bisector of [Fig. 2(b)].

and are two given thresholds (in our implementation, we
set . The adjustment procedure is performed at every
iterations ( in general), in which and are successively
decreased.

Extra particles along the surface are added to enhance resolu-
tion locally and extract more detailed information. The adaptive
refinement can be performed in regions with high curvature and
also in regions around a new labeled stopped particle to pick out
small scale features.

As shown in Fig. 3(b), suppose is a high curvature node or a
stopped node, we sample the triangulated surface at mid-points
of all edges related to and also at the center of all trian-
gles associated with . Only if a sampling point is free can it
be accepted as a new particle. Refining the regions around the
stopped particle can prove useful in preventing the deforming
surface from missing data that is small relative to the current
spacing of the mesh vertices [as in Fig. 3(a)]. After deformation
transformations are completed, the mid-points of those edges,
which have at least one free, are checked. Adjustment of par-
ticles is done sequentially. Generally, the order of adjustment
cannot affect the result, because both particle insertion and par-
ticle merging are done locally. The support generation algorithm
can assure that supports for each particle cover all the domains.
Each adjustment loop of particles is performed once. Even if an
added or merged particle makes its surrounding particles violate
the criteria, the scheme for support generation can compensate
for the loss of node evenness in this area.

C. Refinement of Shape Functions

As new nodes are added, the support sizes of the shape func-
tions must be narrowed. To yield the optimal rate of conver-
gence as well as good accuracy, the dilation parameter of the
shape function of each particle is determined by the distribution
density of particles around this particle. A large window filters
out the fine scales which are caused by aliasing when the image
data are sampled. In contrast, a small window will cover a wider
frequency band. Here, the dilation parameter of the support at
particle is given by

(18)

where is the average length of all radial edges emanating
from [Fig. 3(b)]. For consistency, we set , the standard devi-
ation of Gaussian convolved with the image, to be proportional
to the dilation parameter of the support, i.e.,

(19)

where is a positive constant. The initial stage generates a rough
overall fit to highly blurred data with relatively little computa-
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Fig. 4. Initialization: the solid dots are in the set CLOSE and the open dots are
in the set “FAR.”

tional effort. The effects of noise and small image features are
ignored by the resulting low resolution surface. A large can
broaden the image attraction range. As the scale decreases it-
eratively, 1) the image volume is blurred with small or not
blurred in the final stage and 2) the deformable surface inter-
polates smaller features in the data, until the desired detail is
achieved.

D. Intersection Avoidance With the Fast Marching Method

In order to prevent self-intersection, a list of all pairs of par-
ticles that are within a given distance of each other must
be constrained. Constrained particles are obtained by the fol-
lowing three operations: 1) generate a distance field with the fast
marching method; 2) detect the crest interface; 3) trace back-
ward the constrained particles. First, we apply the fast marching
method [44] to yield a local distance field from the advancing
side around the interface. The central idea is to systematically
construct the solution using only upwind values, that is, from
smaller values to larger values. To locate the gridpoint in the
narrow band with the smallest value, a min-heap data struc-
ture is used. If there are gridpoints on the interface, the fast
marching method reduces total operation count to in
the worst case, while the total number of operations required for
directly generating all pairs of closest points on an interface is

. We extend distance values from an initial interface (i.e., the
deformable surface ) at each iteration and flow the front in its
normal direction until the width of the narrow band is reached
(Fig. 4).

Second, we detect a crest interface of the distance field, which
comprises a set of gridpoints with locally maximal values in at
least one direction. We check the distance value at each grid
point (i,j,k) within the narrow band and compare it with that of
its six neighbors. If at least one of the following three conditions
hold:

1) and ;
2) and ;
3) and ;

then point is added to the crest interface.
Third, consider each gridpoint on the crest interface, if its

value is less than a given threshold (e.g., ), we backtrace

from this gridpoint toward two opposite gradient directions in
the narrow band, solving the ordinary differential equation

(20)

where represents the distance values and traces out the
closest path from the crest gridpoint to a particle on the de-
formable surface. Thus, we obtain two particles and which
have the shortest distance. Finally, all these pairs of particles are
labeled as being stopped particles and are constrained.

To enhance accuracy and save memory, instead of always
working on the entire volume, we can perform the front
propagation and the crest detection on a subvolume. The
whole computation domain is partitioned into several subvol-
umes, on which grids with any level of detail (not limited to
the image resolution) can be generated. For example, when
we detect the crest points among gridpoints in subvolume

, we produce a distance
field and backtrace the constrained particles in subvolume

.
The grid resolution is different from the resolution of the image
volume itself. It can be determined by (empirically, the size
of each grid is set to 1/3 and the size of each subvolume is at
most grids).

Furthermore, to prove that the reconstructed surfaces are in-
deed all free from self-crossing and that this never happens in
practice, a self-intersection check can be used. We may put all
crest gridpoints into a list. At each iteration, after a new dis-
placement field is added to the deformable surface and a new
distance field is formed, the signs of all crest gridpoints in the
list from previous iteration are checked. If there is no change
in sign at any crest gridpoint, surfaces are free of intersection.
To verify the topology of the final cortical surface (i.e., to con-
firm that it has a spherical topology), we may also compute the
Euler characteristic of the triangulated mesh of the surface rep-
resented by the particles.

E. Implementation

Since the reproducing kernel shape functions do not have
Kronecker Delta properties, a Lagrange multiplier method is
employed to introduce the essential boundary condition [45].
All of the stopped nodes are set to be constrained nodes (as
a boundary condition). On the other hand, the deformation
process may cause the surface to intersect itself. Imposing
self-intersection constraints makes the deformation stop when
two parts of the surface meet each other. Constraints are set
to prevent two nonadjacent nodes on the surface from coming
within a fixed small distance of each other. If the model is
applied to extract the cortex, a sparse constraint deformation
field can be obtained because a subset of the particles will begin
to contact the gyri and then become boundary conditions to
further constrain the deformation. A matrix partitioning method
is used to impose the constraint condition. We may rearrange
and partition the stiffness matrix , and (14) can be written as

(21)
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Fig. 5 Top and right views of a segmented outer cortical surface.

where and are respectively column vectors of the un-
constrained nodes and constrained nodes. Suppose , we
have

(22)

In this way, the size of the system of equations is greatly re-
duced. The deformation is successively performed by: 1) in-
serting new nodes; 2) finding the shape functions; 3) assembling
equations; 4) solving equations; 5) imposing the displacements
on the coordinates of the nodes; 6) checking for convergence.

IV. RESULTS

The initial deformable model is set to be an ellipsoidal
surface. Preprocessing includes skull removal and normal-
ization. There are no requirements for the initial model to
have a specific shape, e.g., an average model or another sur-
face extracted to be near the target surface. The initial model
has 242 nodes which are placed on the ellipsoidal surface
with evenly distributed meridian and circumferential angles.
This mesh is then adaptively refined as the deformation pro-
gresses. The mesh is finally evolved to the gray/white matter

Fig 6. Extracted gray-white matter surface.

TABLE I
COMPARISON OF PERFORMANCE AND ERROR BETWEEN THE RKPM AND FEM

SCHEME

and gray matter/CSF boundary. We demonstrate the pro-
posed method by extracting the cortical surface in a total of 21
T1-weighted MRI brain datasets with the following parameters:

or 50 ms, or 9 ms, ,
, or 3.0

mm, and . The performance of the
automatic thresholding step of the method is expected to be
somewhat sensitive to different scanner protocols. Generally,
the ultimate accuracy of any intensity-based classification is
related to the contrast of images. T1-weighted images that
are well-suited for visualizing anatomic detail are typically
less sensitive for depicting soft-tissue abnormalities, whereas
T2-weighted images tend to have the opposite characteristics.

We investigated the performance of our algorithm by com-
paring the proposed method with the FEM model [27]. The
linear triangular elements were constructed for interpolation of
the shape function. Each node has only one degree of freedom
(i.e., the displacement in the normal direction). The triangular
mesh is then refined by successive insertion and deletion of
nodes, using the same method as described above. Remeshing
of the finite element model during the deformation is performed
by constructing a Voronoi diagram of nodes, a procedure that is
executed at every five iterations. The same termination condi-
tion for convergence and boundary conditions were enforced.
We used the maximum distance moved by the nodes to decide
when to terminate each node’s iteration. Four datasets were used
to compare the difference of performance between FEM and the
PRKM on a SGI/octane (with a 195-MHz R10000 processor
and a 384-MB memory). Table I gives a performance compar-
ison between the proposed method and the FEM method. At
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Fig. 7. Close-up of a portion of the extracted surface. (a) Particles on the surface; (b) geodesic distance field on the surface; (c) triangulated mesh generated by
the distance field; (d) a portion of the extracted surface.

each iteration, the overhead of using self-intersection avoidance
in terms of computational time is about 14.8% of the total cost
of computing the deformation. Compared with the total amount
of memory used by this program, the actual amount of memory
used for the scheme of self-intersection avoidance can be ne-
glected. If we analyze the average distance moved by the nodes
at each step, oscillation occurs in the FEM deformation process
at the final stage. The RKPM yields similar results to the FEM
algorithm with faster convergence and without requiring any
prior knowledge of the structure to be segmented.

The resulting surfaces are represented by a triangular mesh
which is transferred from the Voronoi diagram of the moving
particles. Due to the adaptive refinement of the deformable
model, regions with higher curvature values have finer edges
while regions with low curvatures have larger mesh cell sizes.
The mesh also has high quality. For example, the maximum
aspect ratios—i.e., the ratios of the longest and shortest edge of

triangular patches—is distributed from 1.0 to 1.42. Figs. 5 and 6
are an extracted outer cortical and an inner cortical surface. The
results show that the proposed method can capture anatomical
regions with highly fidelity in spite of the high variability of
many cortical features, such as the folds of the prefrontal cortex.
Fig. 7 is a close-up of a portion of the extracted surface and
particles and their associated distance field on the surface and
triangulated mesh. It demonstrates that the proposed method
can extract deep sulcal regions as well.

To assess the computational error of the extracted surface, we
compared our results with segmentations provided in a manu-
ally segmented database, created by the Center for Morphome-
tric Analysis at the Massachusetts General Hospital and by the
McConnell Brain Imaging Centre at McGill University [46] re-
spectively. The data sets used consisted of 21 normal subjects
(brain-only MR data files). The voxel sizes were

and , re-
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TABLE II
QUANTITATIVE COMPARISON BETWEEN OUR SEGMENTATION AND THE MANUAL SEGMENTATION

Fig. 8. Histogram of the absolute errors of the proposed extraction method.

Fig. 9. Visualization of color-coded errors mapped on the cortical surface.

spectively. The mean distance between the automated segmen-
tation and the expert segmentation was defined as follows:

(23)

where denotes the distance between a point and a tri-
angular patch. is the th particle in the segmented surface
and is the closest triangular patch to in the manually
segmented image volume, which can be generated through
Marching Cubes [47]. is the th point in the manually seg-
mented image volume and is the closest triangular patch to

in the segmented surface. The mean distances between our
segmentation and the manual segmentation created by Center
for Morphometric Analysis range from 0.96 mm to 0.99 mm
for the outer surface and from 1.24 to 1.29 mm for the inner
surface. The mean distances to the manual segmentation given
by the McConnell Brain Imaging Centre are 0.62 mm and 0.71
mm on the outer and inner surfaces, respectively (Table II). The
result for McConnell data was better because the slice thickness
of their data was smaller. Based on the comparison with the
McConnell manual segmentation, an error histogram for the
proposed extraction method is given in Fig. 8. The maximum
error is 2.92 mm. Only 18.2% of the particles deviate by more
than 1.0 mm from the manual segmentation. Only 0.58% of the
particles deviate by more than 2.0 mm. A visualization of the
color-coded error is mapped on the cortical surface (Fig. 9).

Fig. 10 shows the intersection of the extracted surface with
several image planes. To visually compare the deep features,
cross sections from the manual labeling are also presented. We
can see that some deep features visible in the manually labeled
slices can be found respectively in the RKPM slices. Therefore,
the difference between the two techniques is relatively small.

Additionally, we obtained two MRI data sets with a set of
carefully manually defined landmarks [17] as ground truth from
Dr. Jerry Prince’s research group at the Department of Electrical
and Computer Engineering at the Johns Hopkins University. A
landmark-based study of the accuracy was performed for the
outer cortical surface (Fig. 11). A total of 420 landmark points
were assessed, corresponding to 14 sulcal fundi, 14 gyral banks,
and 14 gyral crowns near major sulci across both hemispheres.
The distance was obtained between each landmark point and
its corresponding triangular patch generated by the proposed
method. A comparison of absolute errors between our method
and the CRUISE by Dr. Prince’s group [17] is given in Table III.
The mean absolute landmark errors range from 0.46 to 0.74
mm. The maximum landmark error is 2.14. Compared with the
CRUISE results, on average, the extraction of the sulcal fundi
by the proposed method is more accurate and our results have
relatively low standard deviation.

V. CONCLUSION

The reproducing kernel particle method with adaptive refine-
ment offers an efficient approach to extract the cortical surface
in brain MR images. It allows flexible representation of the com-
plex deformation while accommodating the broad variability
in cortical anatomy for a wide range of subjects. Specifically,
the shape function in the RKPM model is independent of the
mesh, which avoids the continuity (or compatibility) problems
that arise in remeshing procedures for traditional deformable
models. In the adaptive refinement procedure, nodes are simply
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Fig. 10. Transverse slices through an MRI volume and the extracted surface generated by the RKPM [shown in (a)–(c)]. (d)–(f) Manual labeling of the sample
interface, corresponding to (a)–(c), respectively.

Fig. 11. Top view of the extracted outer cortical surface from a validation data.

inserted into selected regions of high curvature and in regions
around the stopped nodes. Self-intersection can be avoided by

using fast marching methods. Our methods, as shown in the
numerical examples, yield accurate interpolation functions and
offer a superior convergence rate. There are no data characteris-
tics that impact the results. This algorithm may therefore be ad-
vantageous for extracting the cortical surface in computational
anatomy and functional brain imaging studies, as well as for
preoperative and visualization applications.

APPENDIX I
CORRECTION FUNCTION

The correction function should be constructed
to be equal to one when the support of is not close
to the boundary. This correction function is only required when

is close to the boundary.
Consider a function that is to be represented in terms of
linearly independent functions and a set of unknowns
in the expression

(24)
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TABLE III
QUANTITATIVE ERROR COMPARISON BETWEEN THE CRUISE METHOD AND OUR SEGMENTATION (IN MILLIMETERS)

i.e.,

(25)

We set for a two-dimensional domain and
is the vector of unknown coefficients. In order

to define in terms of the solution compared locally around any
point , we multiply both sides of (25) by and perform the
integral window transform with respect to a window function

(26)
or the vector of coefficients is solved in terms of , i.e.,

(27)

Here, the nonsingular matrix is given by

(28)

Substitution of (27) into (25) gives the approximation of
, denoted by

(29)

It can be shown to be

(30)

where the reproducing kernel, which is a modified window
function, is shown to be as in (5) and the correction function

is given by

(31)

.
This correction function will improve the accuracy of the in-

terpolation, partly owing to the boundary correction.
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