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At a global (or local) minimum of the cost function, ,  10 # 43 , a linear system
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To find the optimal parameters, the deforming image is resampled at each iteration
 , and the parameters # are updated using the Gauss-Newton rule:
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until the cost function is minimized. Ashburner and Friston [89] accelerated this
scheme by simplifying the large curvature matrix    using known identities for
Kronecker tensor products. They also added a Bayesian regularization term that
pulls parameter estimates towards their expected values, avoiding unnecessary deformations and accelerating convergence. As in other Bayesian approaches, this
covariance term was derived analytically by assuming a Gibbs statistical prior distribution on the deformation energies (cf. [90]). The deformation energy +  #  ,
computed from the transformation parameters, can be transformed into a Gibbs (or
Boltzmann) distribution on the expected deformations:
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Here / is the partition function that normalizes the distribution. In the SPM approach, the covariance matrix of the deformation parameters is expanded in terms
of the eigenfunctions of the governing operator (here the DCT basis functions) and
used to add a Bayesian prior term that pulls the mapping away from unrealistic
deformations.
17.4.2

Bayesian methods

In a related Bayesian approach [91], deformation mappings are constrained to
lie in the space of normal anatomical variability, which is estimated empirically
from a set of intersubject mappings. If the Cartesian components
of each deforma0 $  

, the covariance matrix
tion field are stacked into a high-dimensional vector, 
of the mappings will be singular because the number of observed mappings is small
compared with their dimensionality. Gee and Le Briquer [91] addressed this problem by deriving a new orthogonal basis on the deformation space by Gram-Schmidt
orthogonalization. Re-expressed in new basis, the mean and covariance matrices of
the deformation coefficients are used to derive a Gaussian prior on the deformation
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space. A linear system is then solved for the mapping that optimizes a combination of least-squares intensity similarity and prior probability, as quantified by
the empirical distribution. As the principal modes of deformation are computed in
advance, the resulting mappings are computed rapidly, guided by empirical knowledge on brain shape variability.
17.4.3

Polynomial mappings

The widely used Automated Image Registration [58] package also uses the
least-squares cost function (with intensity scaling) for nonlinear registration, but
expresses each component  of the deformation field as a polynomial (of up to
12th order) in the coordinates of the target image. Again, parameter adjustments
are computed
 iteratively,

 this time by solving a related, second-order linear system,
. Here
is the symmetric Hessian matrix of second derivatives

of the cost function with respect to the spatial transformation parameters, and is
the gradient of cost function. This formulation results from approximating the cost
function by its tangential quadratic form at the current parameters  :
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This quadratic approximation is minimized when its gradient is the zero vector:
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so the method for incrementing parameters is given by:
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Anatomical validation experiments (Woods et al., 1998) showed considerable
improvements in registration accuracy with polynomials up to 6th order, when
aligning major cortical landmarks across subjects.
17.4.4

Continuum-mechanical transformations

Both SPM and AIR express deformation fields using global deformation functions, and the complexity of the mappings is generally not increased beyond 8x8x8
basis functions or 8th order polynomial mappings. Higher-order transformations
are required for applications that exactly reconfigure one anatomy onto another,
such as tracking intraoperative brain deformation, or performing a locally accurate
image segmentation. Physical continuum models, for example (Fig. 17.2), allow
extremely flexible deformations, potentially with as many degrees of freedom as
there are voxels in the image. These approaches consider the deforming image to
be embedded in a 3D deformable medium, which can be either an elastic material
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Figure 17.2: Elastic registration of brain maps and molecular assays. Post mortem tissue
sections, from patients with Alzheimer’s Disease, are gridded (left) to produce tissue elements for biochemical assays. These assays provide detailed quantitative measures of the
major hallmarks of AD, including beta-amyloid and synaptophysin density. To pool this data
in a common coordinate space, tissue elements are elastically warped back into their original configuration in the cryosection blockface (middle panel). Image data acquired from the
same patient in vivo can then be correlated with regional biochemistry [24]. When tissue
sections are warped to the blockface, continuum-mechanical models are used to make the
deformations reflect how real physical tissues deform (magnified vector map, right; [29]).
These deformation vector fields project histologic and biochemical data back into their in
vivo configuration, populating a growing Alzheimer’s Disease atlas with maps of molecular
content and histology.

or a viscous fluid. The medium is subjected to distributed internal forces, which
reconfigure the image to match the target. These forces can also be based on the
local intensity patterns in the datasets to match image regions of similar intensity.
17.4.5

Navier-stokes equilibrium equations

In elastic media, the displacement field   resulting from internal deformation forces   (called body forces) obeys the Navier-Stokes equilibrium equations for linear elasticity:
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is a discrete lattice representation of the scan to be transformed,
  is the divergence, or cubical dilation of the medium,  is the Lapla-

cian operator, and Lamé’s coefficients  and  refer to the elastic properties of the
medium (see Fig. 17.2). Body forces, designed to match regions in each dataset
with high intensity similarity, can be derived from the gradient of a cost function,
such as intensity correlation. In Bajcsy and Kovacic (1989), intensity neighborhoods to be correlated in each scan were projected onto a truncated 3D Hermite
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polynomial basis to enhance the response of edge features and accelerate computation. More complex local operators can also be designed to identify candidates
for regional matches in the target image [92]. The elasticity equations can then be
solved in a variety of ways, using finite differences [93], multiresolution/multigrid
schemes [86], finite elements [7] or spectral methods [90].
17.4.6

Viscous fluid approaches

More recently, Christensen et al. [8, 13, 94, 95] proposed a viscous-fluid based
warping transform, motivated by capturing non linear topological behavior and
large image deformations (see also Dupuis et al. [96]). Additional continuummechanical constraints use the properties of fluids to guarantee the topological
integrity of the deformed template. Similar to SPM, a low-order deformation is
computed first in terms of an approximation series of eigenfunctions of the lin    . This basis function representation
ear elasticity operator 
of the deformation is analogous to the discrete
cosine basis used in SPM (which

corresponds to the Laplacian operator
). The elastic eigenfunctions penalize
extreme dilation and compression of the deformed image (Fig. 17.2), via an additional gradient-of-the-divergence term   not present in the Laplacian formulation. Basis coefficients are determined by gradient descent on a cost functional
(10) that penalizes squared intensity mismatch between the deforming template
 :    and target    :

.
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By contrast with SPM and AIR, stochastic gradient descent is used to find the
optimal warping field parameters according to:
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Here  ,8   is the expansion coefficient set for the deformation field in terms of

the eigenbasis  ,8    for the linear elasticity operator,     is the combined
measure of intensity mismatch and deformation severity, and + ,8     is a Wiener
process that allows provisional parameter estimates to jump out of local minima.
At the expense of added computation time, stochastic sampling allows globally
optimal image matches to be estimated. Finally, a viscous deformation stage allows
large-distance, nonlinear fluid evolution of the neuroanatomic template. With the
introduction of concepts such as deformation velocity and the Eulerian reference
frame, the energetics of the deformed medium are hypothesized to be relaxed in a
highly viscous fluid. The driving force, which deforms the anatomic template, is
defined as the variation of the cost functional with respect to the displacement field:
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The deformation velocity [Eq. (17.13)] is governed by the creeping flow momentum equation for a Newtonian fluid, and the conventional displacement field in a
Lagrangian reference system [Eq. (17.14)] is connected to a Eulerian velocity field
by the relation of material differentiation. Experimental results were excellent [13].
17.4.7

Acceleration with fast filters

Vast numbers of parameters are required to represent complex  deformation
fields. In early implementations, deformable registration of a -  MRI atlas
to a patient took 9.5 and 13 hours for elastic and fluid transforms, respectively,
on a 128x64 DECmpp1200Sx/Model 200 MASPAR (Massively Parallel MeshConnected Supercomputer). This spurred work to modify the algorithm to individualize atlases on standard single-processor workstations [15, 21, 97].
Bro-Nielsen and Gramkow
used the eigenfunctions of the Navier-Stokes
 [21]
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. This speeds up the core registration step by a fac  was approximated as a
tor of 1000. The solution to the full PDE    5:
rapid filtering operation on the 3D arrays representing body force components:
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where  represents convolution with the impulse response filter. As noted in [98],
a recent fast, “demons-based” warping algorithm [15, 99, 100] calculates the atlas
flow velocity by regularizing the force field driving the template with a Gaussian
filter (cf. [14, 43]). Since this filter may be regarded as a separable approximation to the continuum-mechanical filters derived above [101], interest has focused
on deriving additional separable (and therefore computationally fast) filters to create subject-specific brain atlases and rapidly label new images [102, 103]. Ultimately, filtering the driving force, as well as the deformation field (or its increments, [Eq. (17.13)], are central to high-dimensional nonlinear registration. With
this in mind, Cachier et al. [100] developed an a posteriori filter-weighting approach that attenuates the weight of the driving force at positions where it leads
to a poorer match. Fast multigrid solvers have also accelerated systems for atlasbased segmentation and labeling [7, 14, 43, 65, 86, 104–106]. Some of these now
have sufficient speed for real-time surgical guidance applications [70].
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17.4.8

Neural network implementations

There is an interesting mathematical connection between continuum-mechanical PDEs and neural nets that has been exploited to generate fast algorithms for
brain image registration. Neural network algorithms use the fact that the simplest
set of anatomic features that can guide the mapping of one brain to another is a
set of point landmarks. Point correspondences can be extended to produce a deformation field for the full volume in a variety of ways, each consistent with the
displacements assigned at the point landmarks. The ambiguity is resolved by requiring the deformation field to be the one that minimizes a specific regularizing
functional [107]. This measures the roughness or irregularity of the deformation
field, calculated from its spatial derivatives. Thin-plate splines [84], membrane
splines [7, 85], elastic body splines [90, 108], and div-curl splines [109] are functions which minimize the following distortion measures (in 2D):
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Once a type of spline is chosen for warping, a formula can be used which
specifies how to interpolate the displacement field from a set of points  0  to the
surrounding 2D plane or 3D volume:
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(17.20)

Here " )    is a polynomial of total degree & : - , where & is the order of
derivative used in the regularizer, and  is a radial basis function (RBF) or Green’s


1

Just like the continuum-mechanical warps defined earlier, the warping fields generated by splines
satisfy partial differential equations of the form ')(+*-, .)/10324*-, . , where (+*-,5. is fixed at the specified

points, 24*-,5. plays the role of a body force term, and ' is the biharmonic differential operator ( 687
):
:
for the thin-plate spline, the Laplacian operator 6
for the membrane spline, and the Cauchy-Navier
*<;
95.6=*<6?> . for the elastic body spline).
operator 9 6
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function
 whose form depends on the type of spline being used [108, 110].  Choices
of
and correspond to the thin-plate spline
and 3D, with
for the
 :@in 2D
( 3 for the 3D elastic body
3D volume spline [108], and the 3 3 matrix
spline [108]. Substitution of the point correspondences into this formula results in
linear system that can be solved for the deformation field (Fig. 17.2; [29]). Neural network approaches exploit this by using correspondences at known landmarks
as a training set to learn a multivariate function. This function maps positions in
the image (input) to the desired displacement field at that point (output). Intriguingly, the hidden units in the neural net are directly analogous to Green’s functions,
or convolution filters, in the continuum-mechanical matching approach [21, 110].
They are also directly analogous to Watson-Nadaraya kernel estimators, or Parzen
windows, in nonparametric regression methods [111]. By converting the above linear system into a neural network architecture, the deformation field components
are the output values of the neural net:
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Here the  , are  separate hidden unit neurons with receptive fields centered
)  


at , ,
is a polynomial whose terms are hidden units and whose

coefficients
are also learned from the training set, and + ,  are synaptic weights
(Fig. 17.3). The synaptic weights are determined by solving a linear system obtained by substituting the training data into this equation. If landmarks are available
to constrain the mapping, the function centers , may be initialized at the landmark
positions, otherwise hidden units can initially be randomly placed across the image [112]. Network weights (the coordinate transformation parameters) and the
RBF center locations are successively tuned to optimize an intensity-based functional (normalized correlation) that measures the quality of the match. The network
is trained (i.e., the parameters of the warping field are determined) by evaluating
the gradient of the normalized correlation with respect to the network parameters
and optimizing their values by gradient descent. Results matching 3D brain image pairs were impressive [112]. For further discussion of the close relationship
between continuum-mechanical PDEs, statistical regression, and neural nets, see
Ripley et al. [113].
17.5

Model-driven deformable atlases

Deformable atlases, driven by nonlinear registration algorithms, can be regarded as a technique for automatically labeling brain data. If they are accurate,
they can find structures in new images, for subsequent manipulation and analysis.
However, the extreme difficulty of finding structures in new patients based on intensity criteria alone has led several groups to develop model-driven deformable
atlases [11, 26]. Anatomical models provide an explicit geometry for individual
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Figure 17.3: Continuum-mechanical warping of brain images. The complex transformation required to reconfigure one brain into the shape of another can be determined using
continuum-mechanical models, which describe how real physical materials deform. (left
panels): Lamé elasticity coefficients. Different choices of elasticity coefficients,
;

and 9 , in

the Cauchy-Navier equations (shown in continuous form, top of left panel) result in different deformations, even if the applied internal displacements are the same. For brain image
transformations, values of elasticity coefficients can be chosen to limit the amount of curl
(lower right of 4 left panels) in the deformation field. (Note: To help visualize differences,
displacement vector fields have been multiplied by a factor of 10, but the elasticity equations are valid only for small deformations.) (middle): Two line elements, embedded in a 3D
elastic block, are displaced, and the Cauchy-Navier equations (shown in discrete form) are
solved to find out how the rest of the 3D volume deforms. Neural networks (right) can also
be used to compute these deformation fields. In Davis et al. [108], each of the 3 deforma-

tion vector components, 

*-, .

, is the output of the neural net when the position in the image

to be deformed, , , is input to the net. Outputs of the hidden units (
using synaptic weights,





 

) are weighted

. If landmarks constrain the mapping, the weights are found by

solving a linear system. Otherwise, the weights can be tuned so that a measure of similarity
between the deforming image and the target image is optimized (adapted from [108]).
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structures in each scan, such as landmark points, curves or surfaces. To compute
the anatomical differences between two subjects, or between a subject and an atlas,
corresponding models can be matched and a vector field computed to reconfigure
one set of models into the shape of the other. Because the digital models reside in
the same stereotaxic space as the atlas data, their vector coordinates are amenable to
digital transformation, as well as geometric and statistical measurement [20]. The
underlying 3D coordinate system is central to all atlas systems, since it supports
the linkage of structure models and associated image data with spatially-indexed
neuroanatomic labels, preserving spatial information and adding anatomical knowledge.
17.5.1

Anatomical modeling

In the following sections, we show how anatomical models can be used to create
probabilistic brain atlases and disease-specific templates. Statistical averaging of
models provides a means to analyze brain morphometry, localizing disease-specific
differences with statistical and visual power. We first describe how models can
drive deformable atlases, measuring patient-specific differences in considerable detail. When deforming an atlas to match a patient’s anatomy, mesh-based models of
anatomic systems guide the mapping of one brain to another. Anatomically-driven
algorithms guarantee biological as well as computational validity, generating meaningful object-to-object correspondences, especially at the cortex.
17.5.2

Parametric meshes

Since much of the functional territory of the human cortex is buried in cortical folds or sulci, considerable attention has focused on building a generic structure to model them (Fig. 17.4; [20] ). In one surface parameterization approach
[20, 32], anatomy is modeled with systems of surface meshes, in which the individual meshes are parametric. These surfaces are 3D sheets that divide and join at
curved junctions to form a connected network of models. With the help of these
meshes, each patient’s anatomy is represented in sufficient detail to be sensitive to
subtle disease-specific differences. The parametric grid imposed on each element
of the anatomy provides a computational structure that supports (1) measurement
of geometric shape parameters (e.g., curvature, area, complexity, fractal dimension;
see [20] for details); (2) combination of models across subjects to produce average
models and statistical maps [20, 25, 26, 36, 47, 48]; and (3) measurement of gyral
pattern differences, by discretizing partial differential equations that compute flows
to match cortical surfaces [25, 26, 32–34, 36, 41, 42, 114].
To identify and analyze patterns of altered structure in disease, large systems
of anatomical models can be stored in a population-based atlas. In these morphometric atlases, separate surfaces model the deep internal trajectories of features
such as the parieto-occipital sulcus, the anterior and posterior calcarine sulcus, the
Sylvian fissure, and the cingulate, marginal and supracallosal sulci in both brain
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Figure 17.4: Anatomical mesh construction and averaging. The derivation of a standard
surface representation for each structure makes it easier to compare anatomical models
from multiple subjects. An algorithm converts a set of digitized points on an anatomical
structure boundary (e.g., deep sulci, top left) into a parametric grid of uniformly spaced
points in a regular rectangular mesh stretched over the surface [20]. By averaging nodes
with the same grid coordinates across subjects (bottom left), an average surface can be
produced for the group. However, information on each subject’s individual differences is
retained as a vector-valued displacement map (bottom right). This map indicates how that
subject deviates locally from the average anatomy. These maps can be stored to measure
variability and detect abnormalities in different anatomic systems. (For a color version of
this Figure see Plate 27 in the color section of this book.)

