Implicit Brain Imaging
Facundo Mémoli ∗

Guillermo Sapiro†

Paul Thompson‡

Abstract
We describe how implicit surface representations can be used to solve fundamental problems in
brain imaging. This kind of representation is not only natural following the state-of-the-art segmentation
algorithms reported in the literature to extract the different brain tissues, but it is also, as shown in this
paper, the most appropriate one from the computational point of view. Examples are provided for finding
constrained special curves on the cortex, such as sulcal beds, regularizing surface based measures, such
as cortical thickness, and for computing warping fields between surfaces such as the brain cortex. All
these result from efficiently solving partial differential equations and variational problems on surfaces
represented in implicit form. The implicit framework avoids the need to construct intermediate mappings
between 3D anatomical surfaces and parametric objects such planes or spheres, a complex step that
introduces errors and is required by many other cortical processing approaches.

1 Introduction
Some of the most fundamental brain imaging analysis processes can be seen as finding appropriate maps
from a general manifold M (domain manifold) onto another general manifold N (target manifold). For
example, to compare brain data across subjects, individual brain datasets (M) are often mapped to a neuroanatomical template or brain atlas (N ), using a spatial transformation that deforms brain surfaces or
volumes to match their counterparts in the atlas, e.g., [4, 17, 71]. Additional examples are finding special
curves such as sulcal beds (M being a segment of the real line and N the 3D brain surface, i.e., the cortex), regularizing or smoothing maps of surface-based signals, such as fMRI data (see paper by Faugeras
et al. in this issue) or cortical thickness (M being the 3D brain surface and N the positive real line), and
brain warping (both M and N are 3D brains), e.g., [12, 53, 71]. In other words, it is fundamental for brain
imaging research to efficiently compute maps between manifolds, from a generic M to a generic N . Moreover, all these important tasks can be addressed with partial differential equations (PDEs) or variational
formulations between the two manifolds. PDEs have been widely used in neuroimaging, for example in
segmenting anatomy using deformable surfaces and probability diffusion [9, 19, 42, 68], in denoising or enhancing brain-derived signals using anisotropic diffusion or scale-spaces [80], and in computing structural
brain changes in development or dementia, e.g., [26, 27, 69] and references therein. In this paper, we review
and extend work developed in [8, 48, 50] to show that when the cortical surface of the brain is represented
in implicit form (defined below), these fundamental brain imaging operations are not only simplified, but
they also avoid ad-hoc intermediate projections of the data to planar or spherical coordinate systems, e.g.,
[3, 25, 75, 82, 60], that can degrade the accuracy of the results. The key idea behind the techniques described
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here is to represent the surfaces implicitly as the (zero) level-set of higher dimensional functions, and then
efficiently solve the corresponding PDEs in the Cartesian coordinate system which contains the domain of
this new embedding function.
The implicit representation of surfaces, here introduced for solving variational problems and PDEs,
is inspired in part by the level-set work of Osher and Sethian [58]. This work, and those that followed it,
showed the importance of representing deforming surfaces as level-sets of functions with higher dimensional
domains, obtaining more robust and accurate numerical algorithms (and topological freedom). Note that, in
contrast with the level-set approach of Osher and Sethian, both our domain and target manifold are fixed,
what is “deforming” is the dataset defined on or onto it.
Solving PDEs and variational problems with triangulated meshes involves the non-trivial discretization
of the equations on general polygonal grids, as well as the difficult numerical computation of other quantities like projections onto the discretized surface (when computing gradients and Laplacians for example).
Although the use of triangulated surfaces is also quite popular in the brain imaging community, there is
still no consensus on how to compute simple differential characteristics such as tangents, normals, principal
directions, and curvatures. On the other hand, it is commonly accepted that computing these objects for isosurfaces (implicit representations) is simpler and more accurate and robust [39, 56, 62, 65]. This problem
becomes even more significant when we not only have to compute these first and second order differential
characteristics of the surface, but also have to use them to solve variational problems and PDEs for data
defined on the surface. Very little work has been done on the formal analysis of finite difference schemes on
non-Cartesian meshes.1 The computational cost of working with implicit representations is not higher than
with meshes, since all the work is performed in a narrow band around the level-set(s) of interest.
Our framework of implicit representations enables us to perform all the computations on the Cartesian
grid corresponding to the embedding function. These computations are, nevertheless, intrinsic to the surface.
Advantages of using Cartesian grid instead of a triangulated mesh include the availability of well studied
numerical techniques with accurate error measures and the topological flexibility of the surface, all leading
to simple, accurate, robust and elegant implementations. If the surface is parameterized instead, or flattened
to induce a mapping of planar coordinates onto it [37, 35], operations performed on the surface may depend
on the particular triangulation and flattening of the surface, which is clearly problematic and not intrinsic.
By contrast, the implicit approach is general (applicable to PDEs and variational problems beyond those
derived in this paper), intrinsic/geometric, and dimensionality independent as well. Unless the framework
proposed here is used, problems such as 3D warping of surfaces and shapes via PDEs has not be addressed
without intermediate projections.
Numerical schemes that solve gradient descent flows and PDEs in and onto generic target manifolds
will, in general, move the points outside of the target manifold N , due to numerical errors. The points
will then need to be projected back,2 see for example [1, 16] for the case of N being a sphere (where the
projection is trivial, just a normalization). For general target manifolds, this projection means that for every
point p ∈ IRd (N ⊂ IRd ) we need to know the closest point to p in N . This means knowing the distance
from every point p ∈ IRd to N (or at least all points in a band of N ). This is nothing other than an implicit
representation of the target N , being the particular embedding a distance function. This presents additional
background for the framework introduced here, that is, if the embedding function for the surface has to
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Very important work has been done for finite element approaches, e.g., by the group of Prof. M. Rumpf, and on discretization
of differential operators by M. Desbrun (see for example [20, 21]), as well as for particular equations on particular sub-division
representations [5].
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For particular flat target manifolds as the whole space IR d or as those in [59], the projection is not needed. Other authors, e.g.,
[10, 41], have avoided the projection step for particular cases, while in [74] the authors extend [67] and modify the given variational
formulation, in some restricted cases, to include the projection step.
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be computed anyway for the projection, why not use it from the beginning if it helps in other steps of the
computation?
The motivations to use implicit representations are not limited to computational considerations such
as the one described above (including, as mentioned, the possibility to do 3D shape warping for the first
time without intermediate projections). In the particular case of brain imaging, many of the state-of-the-art
segmentation techniques reported in the literature are based on implicit representations [9, 29, 30, 39, 42,
32, 47, 56, 57, 62, 65, 83].3 Therefore, it is not only computationally efficient but also completely natural
to work within this framework, leaving the triangulation to the last step, meaning visualization, if at all
needed. The framework described here can also be used for brain surfaces that are already extracted as mesh
representations; they can first be turned into implicit form using the techniques reported in [23, 28, 44, 73],
for example.
The remainder of this paper is organized as follows. In Section 2 we follow [48] and show how to
compute geodesics on implicit surfaces. This leads to the ability to compute intrinsic distances as well
as special curves such as sulcal fundi in the cortex. In Section 3 we follow [8] and show how to denoise
maps defined on implicit surfaces. Based on [50], in Section 4 we show how to regularize surface warps,
a technique that can be used for example to improve warps obtained following the techniques in [70], and
extend the work in Section 2 to find curves constrained by landmarks. This section also discusses the
application of brain and surface-to-surface warping in general. Section 5 concludes the paper.

2 Geodesic computations on implicit surfaces
Computing distance functions and geodesics on surfaces has a number of applications in brain imaging.
For example, it can be used for finding cortical features such as sulci, for cortical surface flattening, for
visualization, and for brain warping [38, 71, 76, 77], for correctly estimating spatial correlations in cortical
fMRI signals [79], and for estimating the variability and distance between functional loci in the cortex.
Following [48], to which the reader is referred for details, an algorithm for the computationally optimal
construction of intrinsic weighted distance functions on implicit hyper-surfaces is described in this section.
The basic idea is to approximate the intrinsic weighted distance by the Euclidean weighted distance computed in a band surrounding the implicit hyper-surface in the embedding space, thereby performing all the
computations in a Cartesian grid with classical and efficient numerics. Based on work on geodesics on Riemannian manifolds with boundaries, we bounded the error between the two distance functions. We showed
that this error is of the same order as the theoretical numerical error in computationally optimal, HamiltonJacobi based, algorithms for computing distance functions in Cartesian grids. Therefore, we can use these
algorithms, modified to deal with spaces with boundaries, and also obtain a computationally efficient technique for computing intrinsic distance functions on implicit hyper-surfaces.
Let us formally define the concept of intrinsic weighted distances on implicit hyper-surfaces. Let S be a
(codimension 1) hyper-surface in IRd defined as the zero level set of a function ψ : IRd → IR. That is, S is
given by {x ∈ IRd : ψ(x) = 0}. We assume from now on that ψ is a signed distance function to the surface
S. Our goal is, for a given point p ∈ S, to compute the intrinsic g-weighted distance function d gS (p, x) for
all desired points x ∈ S. We are referring to the intrinsic g-distance, that is, the geodesic distance on the
Riemannian manifold (S, g 2 I) (I stands for the (d − 1) × (d − 1) identity matrix) and not on the embedding
Euclidean space. For a given positive weight g defined on the surface (we are considering only isotropic
metrics for now), the g-distance on S (that coincides with the geodesic distance of the Riemannian manifold
3
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(S, g 2 I)) is given by
4

dgS (p, x) = inf {Lg (C)},
Cpx [S]

where
4

Lg {C} =

Z

a

b

˙
g (C(l)) kC(l)k
dl,

is the weighted length functional defined for piecewise C 1 curves C : [a, b] → S, and Cpx [S] denotes the
set of curves that are piecewise C 1 joining p to x, traveling on S. In general we will consider the definition
to be valid for any g̃ defined over the domain that the curve may travel through.
We need to compute this distance when all the relevant objects are computationally represented in discrete form in the computer. Computing minimal weighted distances and paths in graph representations is an
old problem that has been optimally solved by Dijkstra [22]. Dijkstra showed an algorithm for computing
the path in O(n log n) operations, where n is the number of nodes in the graph. The weights are given on
the edges that connect between the graph nodes, and the algorithm is computationally optimal. In theory,
we could use this algorithm to compute the weighted distance and corresponding path on polygonal (not
implicit) surfaces, with the vertices as the graph nodes and the edges the connections between them (see
[43]). The problem is that the optimal paths computed by this algorithm are limited to travel on the graph
edges, giving only a first approximation of the true distance. Moreover, Dijkstra’s algorithm is not a consistent one: it will not converge to the true desired distance when the graph and grid are refined [54, 55].
The solution to this problem, limited to Cartesian grids, was developed in [33, 63, 64, 72]. Tsitsiklis first
described an optimal-control type of approach, while independently Sethian and Helmsen both developed
techniques based on upwind numerical schemes. The solution presented by these authors is consistent and
converges to the true distance [61, 72], while keeping the same optimal complexity of O(n log n). This
work was later extended in [40] for triangulated surfaces (see also [7, 45] for related works on numerics on
non-Cartesian grids). We should note that the algorithm developed in [40] is currently developed only for
triangulated surfaces with acute triangles. Therefore, before the algorithm can be applied, as an initialization
step the surfaces have to be pre-processed to remove all obtuse triangles or other polygons present in the
representation [39]. Following [64], we call these fast marching algorithms.
The basic idea behind the computationally optimal techniques for finding weighted distances, fast
marching algorithms, is to note that the distance function satisfies a Hamilton-Jacobi Partial Differential
Equation (PDE) in the viscosity sense (a theory for PDEs with singular solutions, [18]), given by
k∇S dgS k = g
dgS

(1)

where ∇S is the gradient intrinsic to the surface, and
is the g-distance from a given seed point to the rest
of the manifold.4
We transformed the problem of optimal distance computation into the problem of solving a HamiltonJacobi equation (recall that g is known, it is the given weight), also known as the Eikonal equation. In order
to solve this equation, the current state of knowledge permits us to accurately and optimally (in a computational sense) find (weighted) distances on Cartesian grids as well as on particular triangulated surfaces (after
some pre-processing, namely the elimination of obtuse triangles, see [6, 40]). The equation can also be
solved in a (computationally non-efficient) evolution fashion [11]. We will describe how to solve the above
Eikonal equation for implicit hyper-surfaces S.
4
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The basic idea presented in [48] is conceptually very simple. We first consider a small h offset of S. That
is, since the embedding function ψ is a distance function, with S as its zero level set, we consider all points x
in IR3 for which |ψ(x)| ≤ h. This gives a region in IRd with boundaries. We then modify the (Cartesian) fast
marching algorithm mentioned above for computing the distance transform inside this h-band surrounding
S. Note that here, all the computations are performed as in [33, 63, 64, 72], in a Cartesian grid. We then
use this Euclidean distance function as an approximation of the intrinsic distance on S. In [48, 49] we have
shown that this not only produces computationally optimal techniques (following the optimality of the fast
marching algorithm), but also the error introduced by this approximation is of the same order or lower than
the best error that can be obtained from the numerical approximation. We therefore lose nothing by using
this technique, and gain the ability to use well-developed Cartesian algorithms. An example is given in
Figure 1, where the geodesic is obtained as an intrinsic gradient descent in the direction of the computed
intrinsic distance dgS .

Figure 1: Detection of sulcal fundi over implicit surfaces representing a portion of the human cortex. We use a mean
curvature based weighted distance (as in [7]). We show two curves over the surface, whose coloring correspond to the
mean curvature (not clipped, from red, yellow, green to blue, as the value increases). The red curve is the one that
corresponds to the natural geodesic (g = 1), while the white curve is the weighted-geodesic that should travel through
“nether” regions, such as sulcal beds. Indeed, a very clear difference exists between both trajectories, since the white
curve makes its way through regions where the mean curvature attains low values. The figure on the right is a zoomed
view of the same situation. (This is a color figure.)

3 Regularizing maps on the cortical surface
In this section we show how to use the framework developed in [8] for regularizing data on the cortical
surface. In particular, as an application, we regularize a scalar field representing the gray matter thickness,
but other (scalar and beyond) fields such as fMRI or EEG signals can be regularized with this technique
as well (see [24] and paper by Faugeras et al. in this issue). To make the presentation easier, we discuss
the regularization via the Laplace-Beltrami flow (see also [13, 14, 15]), while of course other PDEs or
variational formulations could be used as well.
We assume as before that the two dimensional surface S of interest (here the cortex) is given in implicit
form, as the zero level set of a given function ψ : IR3 → IR, with S ≡ {x ∈ IR3 : ψ(x) = 0}. To ensure
that the data, which does not need to be defined outside of the surface originally, is now defined in the whole
band, one simple possibility is to extend this data u defined on S (i.e the zero level set of ψ ) in such a form
that it is constant normal to each level set of ψ, see [8] for details.
5

We illustrate the framework in [8] with the simplest case, the heat flow or Laplace equation for scalar
data defined on a surface. For scalar data u defined on the plane, that is, u(x, y) : IR 2 → IR it is well known
2
2
that the heat flow ∂u
= ∆u, where ∆ := ∂∂xu2 + ∂∂yu2 is the Laplacian, is the gradient descent flow of the
∂t
R
Dirichlet integral 21 IR2 k ∇u k2 dxdy, where ∇ is the gradient. This flow performs smoothing of the scalar
data u, and this smoothing process progressively decreases the abovementioned energy. If we now want to
smooth scalar data u defined on a surface S, we must consider the gradient descent of the harmonic energy
given by
Z
1
k ∇S u k2 dS,
(2)
2 S
The gradient descent flow for this energy is

∂u
= ∆S u.
∂t

(3)

Here ∇S is the intrinsic gradient and ∆S the intrinsic Laplacian or Laplace-Beltrami operator. These are
classical concepts in differential geometry, and are basically the natural extensions of the gradient and Laplacian respectively, considering all derivatives intrinsic to the surface (with the natural metric). For instance,
as noted below, the intrinsic gradient is just the projection onto the tangent space to S of the usual 3D
gradient while the Laplace-Beltrami operator is the projected divergence of it [66].
Using the implicit framework, we proceed now to redefine the above energy and compute its corresponding gradient descent flow. Let ~v be a generic three dimensional vector, and P~v the operator that projects a
~v ⊗~v
. It is then easy to show that
given three dimensional vector onto the plane orthogonal to ~v : P~v := I − k~
v k2
the harmonic energy (2) is equivalent to (see for example [66])
Z
1
k PN~ ∇u k2 dS,
(4)
2 S
~ is the normal to the surface S. In other words, ∇S u = P ~ ∇u. That is, the gradient intrinsic to
where N
N
the surface (∇S ) is just the projection onto the surface of the 3D Cartesian (classical) gradient ∇. We now
embed this in the function ψ:
Z
Z
Z
1
1
1
k ∇S u k2 dS =
k PN~ ∇u k2 dS =
k P∇ψ ∇u k2 δ(ψ) k ∇ψ k dx,
2 S
2 S
2 Ω∈IR3
where δ(·) stands for the delta of Dirac, and all the expressions above are considered in the sense of distributions. Note that first we got ridRof intrinsic derivatives by replacing
∇S by PN~ ∇u (or P∇ψ ∇u) and then
R
replaced the intrinsic integration ( S dS) by the explicit one ( Ω∈IR3 dx) using the delta function. Intuitively,
although the energy lives in the full space, the delta function forces the penalty to be effective only on the
~
level
set of interest. The
R
R last equality includes the embedding, and it is based on the fact that ∇ψ k N and
Ω δ(ψ) k ∇ψ k dx = S dS = surface area. The gradient descent of this energy is given by [8]
∂u
= ∇ · (P∇ψ ∇u).
∂t

(5)

In other words, this equation corresponds to the intrinsic heat flow or Laplace-Beltrami flow for data defined on an implicit surface. But all the gradients in this PDE are defined in the three dimensional Cartesian
space, not in the surface S (this is why we need the data to be defined at least on a band around the surface).
The numerical implementation is then straightforward. This is the beauty of the approach! Basically, for this
6

equation we use a classical scheme of forward differences in time and a succession of forward and backward
differences in space. See [8] for details as well as equations for other variational measures and PDEs.
As an example, we apply this framework to the regularization of thickness maps. To quantify cortical
gray matter thickness, see Figure 2, we use the 3D distance measured from the cortical white-gray matter
boundary in the tissue classified brain volumes to the cortical surface (gray-CSF boundary) in each subject.
Tissue classified brain volumes were resampled into .33 mm cubic voxels (as in Miller et al. [52]) to obtain
distance measures indexing gray matter thickness at sub-voxel spatial resolution. Gray matter thickness
was then measured at thousands of homologous cortical locations in each subject. Gray matter thickness
measures may again be averaged and compared at each cortical surface location providing spatially detailed
maps of local thickness differences within or between groups. This is of course just one way of measuring
thickness, and is used here to illustrate the computational framework. Other methods could be used as well,
such as those developed by Jones et al. [36], Yezzi and Prince [81], Annese et al. [2], Fischl et al. [25],
Lerch et al. [46], and Miller et al., [52].

Figure 2: Illustration of cortical thickness maps. The top row (left panel) shows a sagittal section through a T1weighted brain MRI scan, and a classification (middle panel) of the image into gray matter (green colors) and white
matter (red colors), as well as extracerebral tissue and background (white and black colors). The top right panel shows
the cortical thickness estimated as the distance from the gray-white interface to each gray matter voxel in the cortex.
The lower panel shows the spatial profile of mean cortical thickness in a set of 40 healthy young adults; the cortex is
thinnest in primary visual and sensorimotor regions, and thickest in the posterior cingulate and paralimbic cortices.
Here averaging of thickness values was performed after matching homologous cortical regions using cortical sulci as
constraints [70]. Cortical thickness is not defined in the corpus callosum and ventricular regions (here masked out in
white). (This is a color figure.)
In Figure 3 we apply the formulation above (Laplace-Beltrami flow for data on an implicitly represented
brain), to regularize a scalar field that represents an estimate of the gray matter thickness on the cortex.
We present the results for 0 (initial condition), 25, 50, and 100 iterations, from left to right respectively.
7

Two views are shown in the figure, one in each row. We should mention that the brain model used for this
exercise is coarse, and that the total energy (integral of thickness measure over the whole surface) has been
numerically preserved.

Figure 3: Regularizing cortical thickness maps. Two views are presented (top row: lateral surface; bottom row:
medial surface), each showing 0 (initial condition), 25, 50, and 100 steps (from left to right respectively) of the
Laplace-Beltrami flow for data on an implicit surface representing a coarse model of the brain. (This is a color figure.)

4 Maps between implicit surfaces
Following the result of the previous section, the next step is to consider maps from a generic manifold M
onto another generic one N , which is not just restricted to the real line as in Section 3 or other simple
manifolds as considered in [8, 59, 67]. For example, this generality is needed when solving brain warping
problems via PDEs [71], such as cortical flattening [35], or nonlinear registration of 3D surfaces and volumes
across subjects or across time (e.g., in mapping brain growth). Typically the nonlinear registration of one
cortical surface to another is addressed in the literature via intermediate distorting projections onto the plane
[35] or 3D sphere ([70, 78, 31]).
In [50], we have addressed this general problem, and this section will briefly describe the approach and
present examples.
As before, we assume that the target manifold N is given as the zero level set of a higher dimensional
embedding function ψ : IRd → IR, which we consider to be a signed distance function. For simplicity of the
presentation, we assume that the domain manifold M is flat and open, since the general case of M was dealt
with in Section 3. We also illustrate the basic ideas with a functional from the theory of harmonic maps,
while others will be used for the examples below. The harmonic map is not the ideal one for applications
of brain warping, since higher order functionals are needed (and also it is necessary to deal with the hard
landmark constraints, such as the enforcement of sulcal correspondences when one brain is matched to
another). From the presentation below, it will be clear how to extend the formulation to maps more relevant
to brain imaging. We search for necessary conditions for the functional E[~u], defined by
Z
4
E[~u] =
e[~u] dM v
(6)
M

P
4
where e[~u] = 21 kJ~u k2F , to achieve a minimum. Here, k · k2F = ij (·)2ij is the norm of Frobenius and J~u is
the Jacobian of the map ~u : M → {ψ = 0}. We are already restricting the map to be onto the zero level-set
of ψ, that is, onto the surface of interest N (the target manifold). This is what permits us to work with the
8

embedding function and the whole space, while guaranteeing that the map will always be onto the target
manifold, as desired.5
Proposition 1 ([50]) The Euler-Lagrange of Equation (6), is given by
!

X
∂~u ∂~u
,
Hψ
∇ψ(~u) = 0,
∆~u +
∂xk ∂xk

(7)

k

where Hψ stands for the Hessian of the embedding function ψ (and we used the notation A [~x, ~y ] = ~y T A ~x).
The solution to this equation is a map onto the zero level-set of ψ.
This equation then gives the corresponding Euler-Lagrange for the given variational problem (and from
it we get the gradient-descent flow, with Neumann boundary conditions). Note once again from our computations, that despite the fact that all the terms “live” in the Euclidean space where the target manifold is
embedded, ~u will always map onto the level-set of interest, {ψ = 0}, and therefore, onto the surface of
interest. This is guaranteed by this equation, no additional computations are needed. As before, this is the
beauty of the approach, while working freely on the Euclidean space (and therefore with Cartesian numerics), we can guarantee that the equations are intrinsic to the given surfaces of interest. Additional theory and
examples are provided in [50], including the complete equations when this framework is combined with the
one described in Section 3, as well as the theory for open target manifolds.
We now present two examples of the above formulation for solving maps between two implicit surfaces
using Cartesian numerics. First, M is a segment of IR 1 and N a 3D implicit cortex. Then, ~u is a curve on
the cortex, and our goal is to compute a smooth curve that passes through a number of previously marked
points (landmarks). Without the constraints given by the points, the solution will be a geodesic. The curve
is forced to go through the points (or close to them) simply by adding a term that penalizes its distance to
the landmarks.6 The resulting gradient descent flow is solved with implicit numerics. Figure 4, first row,
presents a first example, where we clearly see the evolution of the yellow curve to the constrained black
one. On the second and third rows we extend this for the computation of the sulcal bed, constrained by a
few given points (regular view on the left and zoomed in one on the right). For this, we add a third term that
penalizes paths that move away from the sulcal bed [6, 48].
The next example deals with the case when both M and N are surfaces. Figure 5 shows a map from an
implicit torus to an implicit bunny using the harmonic mapping energy. This example shows the applicability
of our framework to the problem of constructing mappings between manifolds. In the example, an initial
map from the torus to the bunny is constructed and then a simply-connected region (blue colors) is defined
on the bunny, this blue region corresponds to the image of the whole torus through this initial map. The
subsequent diffusion of this initial map is shown in this way, that is, changes in the map can be seen through
changes in the blue region. Diffusions and flows can then be defined on the second manifold without any
need to parameterize either of the surfaces, or flatten them. For brain image warping, this idea could be used
to warp one 3D brain surface directly onto another, enforcing constraints such as the matching of sulcal
curves lying in the surface [70], or regions with corresponding surface curvature [25]. Normally, this is
done by parameterizing each surface, and defining a matching energy between features on each surface. If
the surface is parameterized, great caution is required to ensure that the matching fields between surfaces
do not depend on the specific details of how the surfaces are parameterized (see e.g. [70], for an approach
5

We use~· to note that for the most general case, the function is vectorial.
In contrast with [34], the energy is intrinsic to the manifold and there is no parametrization, meaning we do not enforce certain
points on the curve to be attracted to a given landmark.
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based on covariant PDEs, where the Christoffel symbols of the surface metric are used). With an implicit
approach, the need to parameterize each surface is completely avoided. This results in simpler and more
accurate numerical implementations. For matching of two brain surfaces in implicit form, the idea is to start
from an approximate initial map between these two surfaces and regularize it using our implicit framework
and a suitably defined functional. This could be a compound functional including the harmonic energy, as
above, and a data fidelity term that could include landmark or curvature-based constraints when mapping
one surface to another. These surface-based mappings are required for making average maps of cortical
features across subjects, such as the mean cortical thickness map shown in Figure 2. We are currently
working on using energies on implicit functions to define the warping map between two general curved
manifolds, without of course any intermediate projection to the plane or sphere as is typically done in the
literature, see [51].

5 Discussion
In this paper we have shown how implicit surface representations, as obtained from the state-of-the-art brain
segmentation algorithms, are useful for addressing a number of the fundamental problems in brain imaging.
The key idea is that once the surfaces are represented in implicit form, solving variational problems and
PDEs between them is as straightforward as working with flat domains, and Cartesian numerics can be
used. This avoids common parametrization and flattening techniques, which are either non-intrinsic and/or
introduce errors into the solution. In the future we plan to extend the examples presented here and apply
them to population studies of brain structure and function.
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Figure 4: Finding special curves on implicit target surfaces. From an initial curve, adding constraints to the classical
harmonic energy, we obtain curves that are attracted to marked points (landmarks). See text for details. (This is a
color figure.)
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Figure 5: Diffusion of a random map from an implicit torus to the implicit bunny. In blue are marked those points
of the bunny’s surface pointed to by the map at every instant (the image through the map at each time t of the whole
torus). Different figures correspond to increasing instances of the evolution, from top to bottom and left to right. We
show the map at 15 of 100 iterations performed on the initial map with a time step of .01. We used the 2-harmonic
heat flow with adiabatic conditions. (This is a color figure.)
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