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ABSTRACT
In this paper, a new framework for brain warping via landmark matching is proposed using implicit representations
or the level set method. We demonstrate this powerful technique by matching landmark curves identified on brain surfaces. Each landmark curve to be matched is represented by
the intersection of the zero level sets of two level set functions. A diffeomorphic mapping from the template to the
target image is then generated by solving a non-linear Euler
transport equation with a semi-Lagrangian formulation for
the corresponding level set functions. This representation
technique has applications in mapping growth processes,
recovering intra-operative brain deformation, and integrating and comparing brain imaging data across subjects and
groups.
1. INTRODUCTION
Computational anatomy [1, 2] is an emerging new discipline
that deals with analyzing and detecting features in large collections of brain imaging data. In this paper, we propose a
novel approach for feature based brain image warping based
on implicit representations. This approach is in essence formulated using the level set method [3] and implemented
in a semi-Lagrangian formulation. This semi-Lagrangian
formulation provides the link between the now well-known
level set method, originally in the Eulerian framework, and
the well established field of image warping. In the field of
image warping, a similarity measure is typically first chosen based on the nature of the image matching problem. A
body force is then derived from the similarity measure to deform the template image. Commonly used similarity measures fall into two different categories, namely, intensitybased global similarity measures (e.g. intensity cross correlation or mutual information) and feature-based similarity
measures. In order to obtain a smooth deformation field,
regularization on the deformation is introduced with formulations borrowed from continuum mechanics in physics or
radial basis function neural networks [4]. The framework
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we introduce in this paper is a unifying approach that can
deal with all types of landmarks, including points, curves,
surfaces, and subvolumes. Furthermore, it shares similar
variational principles as commonly used for intensity-based
global similarity measures, thus allowing direct and easy
incorporation of both intensity and feature-based similarity
measures into our approach.

2. THEORY
In this paper, we will focus on warping 3D landmark curves,
which are extracted from brain surfaces, flattened onto unit
square in 2D, and converted to implicit representations. The
most common method (e.g., [5]) for performing this task
is by landmark point matching. In short, the strategy is
to place equal numbers of equidistant points on the corresponding two curves, and match the points respectively by
applying point matching techniques. One of the main problems with this approach is that relaxation within the curve
is not allowed due to the fact that it is explicitly parameterized into an ordered set of points. Moreover, incorporating
this approach to other intensity based warping techniques is
relatively inconvenient as the cost functionals have different
forms.
Implicit representations, on the other hand, solve these
problems efficiently. In fact, all types of feature based matching techniques can be formulated in implicit form, and extension to 3D is straightforward. Furthermore, due to the
variational nature of this approach, incorporation of feature
constraints into intensity-based warping techniques is natural.
The curve matching technique we use in this paper is
motivated by the well-known geodesic active contours first
proposed in [6], which deals with image segmentation by
detecting boundaries with automatic topological changes.
This approach could be viewed as finding the variational
minimizer of a penalty functional based on the gradient map
of the original image I(x). If we embed the closed curves
that segment the image as the zero level set of the level set

function Φ, we seek the minimization of the following cost
function with respect to Φ:
Z
min
δ(Φ) | ∇Φ | F ( ∇I(x) )dx.
(1)
Φ

Ω

Here F (∇I(x)) serves as an edge-detection function,
taking small values when locally large gradient is found in
the image I(x). Thus, with the above cost functional minimized, the zero level set of Φ stops where object boundaries
are detected.
The above overview of the geodesic active contours provides us with several insights. Most importantly, an energy
minimization process allows us to deform a curve to a desired position. However, several pieces are missing if we
want to apply the same level set strategy to curve matching.
First of all, the landmark curves encountered in brain mapping are often open curves (e.g. sulcal traces) rather than
closed in the geodesic active contours model. This can be
solved by introducing a second level set function as a cutoff function as proposed in [7]. Namely, an open curve C in
2D can be represented by the intersection of the zero level
sets of two level set functions Φ1 and Φ2 :

C = x Φ1 (x) = 0, Φ2 (x) ≥ 0 .

(2)

With this implicit level set representation for curve C, the
length of C can be obtained by the following integral:
Z
Length of C =
δ(Φ1 ) | ∇Φ1 | H (Φ2 ) dx.
(3)

similarly for the curve in the target image. By applying displacement field u to the template image instead of updating
the level set functions on the image, and integrating along
the two open curves the distance function of the other curve,
we propose the following cost function (with respect to u)
for curve-based image warping:
Z
δ(Φ1 (x − u)) ∇Φ1 (x − u) H(Φ2 (x − u))DΨ (x)dx
Ω
Z
+
δ(Ψ1 (x)) ∇Ψ1 (x) H(Ψ2 (x))DΦ (x − u)dx. (5)
Ω

Notice each term in (5) is simply a line integral as in (3)
weighted by the distance function of the other curve. It is
easy to see that this cost function is always non-negative
and only takes a zero value when the two curves are exactly
matched.
We now can calculate the body force contributed by this
cost function as in [8], which is the derivative with respect
to the displacement field u:
n
∇Φ1 |x−u
i
Body force = − H2 h∇DΨ ,
∇Φ1 |x−u
∇Φ1 |x−u o
+δ1 δ2 DΨ h∇Φ2 |x−u ,
i ∇Φ1 |x−u
∇Φ1 |x−u

 ∇Φ |
1 x−u
∇Φ1 |x−u
−δ1 DΨ H2 div
∇Φ1 |x−u
+DΨ δ1 δ2 ∇Φ1 |x−u ∇Φ2 |x−u

Ω

Here, δ(·) and H(·) are the delta function and the Heaviside
function. The next problem encountered when adapting the
geodesic active contours model is that the original active
contours model is implemented in the Eulerian formulation,
thus making it impossible to track grid deformation. In order to track the grid deformation, we have to re-formulate
the level set method in the semi-Lagrangian formulation.
That is, instead of updating the values of a level set function
Φ at the grid points, we solve for a displacement field u(x)
such that the updated level set function Φupdated is related
to the original level set function Φ in the following way
Φupdated (x) = Φ (x − u).

(4)

Lastly, how do we design a suitable minimization problem such that the curves in the template image are deformed
to the same position as curves in the target image? The answer to this question again uses a standard notion in the
level set method, namely, the concept of distance functions.
Now we are ready to tackle the curve matching problem
in computational anatomy. We will use one pair of landmark curves to illustrate this approach. Let us assume that
the curve in the template image is represented by Φ1 and Φ2
and its distance function DΦ with Ψ1 , Ψ2 and DΨ defined

+H(Ψ2 )δ(Ψ1 ) ∇Ψ1 ∇DΦ |x−u .

(6)

Here the bracket notation h·, ·i denotes the usual inner product between vectors, and ∇Φ1 |x−u evaluates the gradient
of Φ1 under the current deformation u. Notations δ1 , δ2 and
H2 are defined as: δ1 = δ( Φ1 (x−u) ), δ2 = δ( Φ2 (x−u) ),
and H2 = H( Φ2 (x − u) ).
In order to obtain a diffeomorphim solving the curve
matching problem, we model the deformation field by a
non-linear Euler transport equation as pioneered in [9] and
in related later works, e.g., [1, 10]. In short, an artificial
time t ∈ [0, 1] is introduced and we model the mapping
x → x − u as the inverse mapping of the solution of a nonlinear Euler transport equation with velocity field v(x, t):
g −1 (x, t = 1) = x − u(x)

(7)

∂g(x, t)
= v(g(x, t), t).
(8)
∂t
A modified algorithm of Beg’s algorithm (in [10]) is
then used to minimize the following cost function by adding
a penalty on v to the cost function in (4)


Z 1
2
min cost function (5) +
kv(·, t)kL dt.
(9)
u

t=0

Here L is a second-order self-adjoint differential operator
and
Z
2
kv(·, t)kL = h Lv(x, t), Lv(x, t) idx.
(10)
Ω

where Ω is the image domain.
With proper choice of the operator L, a diffeomorphic
flow is ensured. In this paper, we follow [10] with the choice
L = −a · 4 + b · Id.
Numerically, the level set functions are initialized to be
the signed distance function to their zero level sets. However, since the level set functions are carried over by the current deformation field, the nice property of signed distance
function will be violated as soon as computation starts and
thus causes numerical inaccuracy. In order to avoid this,
the level set functions have to be re-initialized every certain
number of iterations as described in detail in [8]. For other
details on implementation issues, please refer to [8].
3. RESULT
To test the program, brain MR images from one normal
subject and an average human brain template of cortical
anatomy as discussed in [2] are compared. A template of
3D structural and functional landmark curved lines is delineated on the brain surfaces. Figure 1 shows the left side
brain surface of this individual and the corresponding 10
landmark curves used for comparison. The brain surfaces
are represented by a spherically-parameterized, triangulated
3D mesh, and thus on the flattened-out parameter space the
landmark curves could be easily re-identified. Furthermore,
a RGB color code is used to store the original 3D position
at each point in the flat parameter space. The landmark
based warping is then applied in the parameter space and
the deformation can then be pulled back into 3D brain surfaces using the color-coded 3D information. Figure 2 and
3 shows the flattened brain surface of this subject before
and after warping with the landmark curves and deformation field overlaid. A one-to-one, onto, and diffeomorphic
brain surface mapping between this subject and the average
human brain is thus obtained, and can then be used for further analysis.
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Fig. 2. An example of brain warping using landmark curve
matching from the normal subject in Fig. 1 to the average
human brain template: (a)The flattened brain surface overlaid with identified landmark curves in Fig. 1. (b)The same
brain surface overlaid with landmark curves of the average
human brain.

Fig. 3. The brain surface of the normal subject in Fig. 1
after warping the landmark curves in Fig. 2(a) to the landmark curves of the average human brain in Fig. 2(b): (a)The
warped brain surface of the normal subject overlaid with
landmark curves of the human average brain. (b)The same
warped brain surface overlaid with the grid deformation.

